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We give a method of linear approximation by means of three-diagonal matrices.
By this method we modify the Kantorovich operators and obtain a new class of
operators which overcomes a difficulty in extending a Berens—Lorentz result to the
Kantorvich operators for second order of smoothness. The direct and inverse
theorems for these operators in L, are also presented by the Ditzian-Totik
modulus of smoothness. © 1994 Academic Press, Inc.

1. INTRODUCTION

For f € ([0, 1] the nth Bernstein polynomial is defined by

B = Ehaor(5) = T (1o -0m(5) o

k=0

It was shown by H. Berens and G. G. Lorentz [2] in 1972 that if
0 <a <2 then wy(f,t) =0 if and only if |B(f, x)— f(x)] <
M(x(1 — x)/n)*/?, Here w,(f,1) is the classical modulus of smoothness
defined by

wy(f, 1) = sup |43 f(x)]lco. 000

O<hx<t

A f(x)y=f(x+h)=2f(x)+f(x—h), ifx+thel01];
4,f(x) =0, otherwise.

Compared with the above result we showed in [9] for the Kantorovich
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operators

k+D/n+ 1)

Kolf:x) = X Pral)(n + nJ f(ryde  (12)

k/(n+ 1)

that if 0 < a < 1 then w,(f, ) = O(*) if and only if |K,(f, x) — f(x)| <
M(x(1 = x)/n + 1/n*)*/?, Here the term x(1 — x)/n + 1/n% cannot be
replaced by x(1 — x)/n. We also showed [9] that if 1 < a < 2 then there
exist no functions {¢, ,(x)}, . 5 such that

wy(f1) = O(t) = |K,(f,x) - f(x)| < Mg, ,(x). (1.3)

Thus, we cannot characterize the second orders of Lipschitz functions
by the rate of convergence for the Kantorovich operators. To overcome
this difficulty, S. M. Mazhar and V. Totik [6] introduced a method to
modify integral operators that do not reproduce linear functions. This
modification is valid for many classes of Bernstein type integral operators
and makes it possible to characterize the second orders of smoothness by
these operators. However, these modified Bernstein type operators have
the drawback that they are not suitable for L (1 < p < =)-approximation.

In this paper we introduce a new method of linear approximation by
means of matrices.

Let {e,(x)}/_, be a basis of a subspace P of Cla, b], and {L ]/, be some

functionals on Cla, bl. We denote e(x) = (ey(x),...,e(x), L =
(Ly,...,L,)". For any (n + 1) X (n + 1) matrix A we can construct a
linear operator from Cla, b] to P as

T(f,x) =e(x)AL(f). (1.4)

By choosing suitable bases and functionals we can obtain different kinds
of operators for different kinds of tasks. General properties of this method
and some other applications will be discussed elsewhere. Here we only
discuss some applications in Bernstein type operators.

We choose e(x) = (P, y(x),..., P, (x)) =P(x), L, ,f=(n+
DY DE(r) dr. Then
T(f,x) =P (x)A,L.(f) (1.5)

is the Bernstein type operator we want to discuss. We will show for a
suitable series of matrices {4}, . v that if 0 < a < 2 then

— a/2
wz(f,t)=0(1“)ﬁlT,,(f,x)—f(x)|_<_M(£(_1.’Til+;13) .
(1.6)
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That is, the difficulty in extending the Berens—-Lorentz result to the
Kantorovich operators for the second order of smoothness can be over-
come by our method.

These operators have the advantage that they are approximation pro-
cesses in LP[O, 11(1 < p < =). We give the direct and inverse theorems for
these operators in L [0, 1].

2. CoNSTRUCTION OF THE OPERATORS

Let A, =1(a,; ;)};_y be an (n + 1) X (n + 1) matrix which will be
determined later. To simplify our discussion we make a restriction that
a; ;=0 for |i —j| = 2. In order that the operators {T,}, y defined by
(1.5) satisfy (1.6) we need the assumptions

T(1,x) = 1; (2.1)
T,(t,x) =ux; (2.2)
T((t - x)% x) sM(x—(—llﬂ + 7}5) (2.3)

Therefore, we can now choose {A4,), » as follows.

THEOREM 2.1. Let n € N, A,, and T, be defined as above. Then the
assumptions (2.1) and (2.2) are satisfied if and only if

n

Zai'j=l, fori=1,...,n -1 (2.4)
j=0
2i—n
Aoy =4, ;_, TP fori=1,2,...,n—1;
a(l,(]=%=an.n;
1
ag | = —5 =a, n-1 (2.5)

Proof. Notethat L, (1)=1,L, (t)=Qi+ 1D/2An+ Dfor0<i<
n,and a, ;= 0 for |i —Jj| = 2. We have

00 =p| T )

li—il <1
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and

3

Tt X) = BN G0 3531y 4 5551y

‘9

2i — 1 2i+ 1 20+ 3 \"7!
. +a; . +a;, ., —0——
iz 2(n + 1) bi.i 2An+1) i 2(n+1)

’
i=1

21~ 1 2i+1 '
.y a .

— + —_—
I n 1) 2(n + 1)

We observe from [3] or [4, Chap. 9] that {P, ,,..., P, ,} is another basis of
the liner space span{l, x,..., x"}, which implies that they are linearly
independent. That is, for any two (n + 1)-vectors A and B, P,A” = P, BT
is equivalent to A = B. Therefore, from the expressions 1 =
P(xX1,...,1)" and x = P(xXQ/n,...,n/n)" we know that Theorem 2.1
holds. The proof is complete.

We denote g, ; = a;, a;, ., =b, a,;,_, =c;, and set ¢; = b, = 0. Then
we can estimate (2.3) as follows

THEOREM 2.2. Let A,,T, be defined as above and satisfy (2.4) and
(2.5). Then we have

. 2 n? ,  x(1-x) n-1l  2p,
T,(t2, x) = (1 + n)(n N 1)2(x + T) + E} (n = 1)an..-(X)

+ : - -
I(n+1) (n+1)

7P 0(X) (2.6)

and

1 - 4
o e s ez e w) @

T.((t —x)*, x) <
"(( x) %) n+1 I<i<n—1

Proof. We observe that for 0 <i <n

3i2+3i + 1

L, (%) = ECTETE
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Then we have

Z Pn.i(x)ai,jLn,j(tz)
i=0

S P ML s i(12) + @yl (1) + biLy (1)
i=0

= Pn.o(x)(aoLn,o(’z) +b0Ln.1(’2))
+ Pn,n(x)(anLn,n(tz) + CnLn,n—l(tz))

n-1 G- +33G(-1) +1
+ "g P, (x){c; 3(n + 1)2

T.(t?, x)

Il

32+ 3i + 1 i+ 1) +3(G+1)+1
+a, 5~ + b, 3
3(n+1) 3(n + 1)

Here

dn,() =

BT
3n2 + 6n + 1
non = W
3i3(1 +2/n) + 1 + 6b,
- 3(n + 1)

K

n i

Thus we obtain (2.6) and
T.((t - x)%, x)

T (t% x) — x*

x(1 —x 1-3(1 -x)"
=—(7:—Tl+(n+l)_2(x(l—x)*x2+—-—(—3————2-—
n—1
+ ZZbiPn,i(x))
i=1
ol Skt N 024 Ib.|
— -+ 1
n+1 (n+1) 3 1;25—1 l

The proof of Theorem 2.2 is complete.
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Now we determine the matrix A4, by
0<a,b,c; <1, forl <i<n-—1. (2.8)

i Y

This is possible since we have

;20
b 2i —n
i =G 2n
L -2 2i —n
a=1-— -
1 Cl 2’1
if we choose
3 i On—2i 0
—_ — — > . . .
4 zn_c,zmax{, 2n } (2.9)

The restriction (2.8) on the matrix 4, makes the operator T, defined by
(1.5) “almost positive.”

Remark. Other choices are possible to make our following main results
valid.

3. MAaIN REsuLTS

The matrix A4, and the corresponding operators {7}, . » are deter-
mined in Section 2. We can now state our main results. In what follows of
this paper we assume that the matrix satisfies (2.4), (2.5), and (2.8).

The Berens-Lorentz type Theorem for our operators can be given in
the following

THeEOREM 1. Let {T,}, . v be defined as above, f € C[0,1}, 0 < a < 2.
Then we have

_ a/2
|Tn(f,x)—f(x)|5M(i(—l"J‘)‘+‘li) (3.1)

n n
if and only if
wy(f.1) = O(1%). (32)
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Our operators are also valid for L -approximations. In fact, we have the
following direct and converse result.

TueoREM 2. Let (T}, . » be defined as above, f€ L, if 1 <p <, or
feClO]ifp=o0<a<l,elx)=yx(1—x). Then we have

IT,.f = fli, = O(n™%) (3.3)
if and only if
W2(f,1), = O(1%), (3.4)

where wZ(f, 1), = supg ., o M43, fOO, is the Ditzian—Totik modulus of
smoothness [4].

Remark. It must be interesting to extend our theorems to higher
orders of smoothness if we choose other kinds of matrices and correspond-
ing operators. However, we conjecture that this will not be true.

To prove our theorems we need some lemmas first.

4. LEMMAS

Explicitly, we have
T(fx) = L P, () e;L, . (f) +a;L, (f) +bL, ., (f)) (41)
i=~0

The main tools for the proof of the inverse parts of Theorems 1 and 2
are some Bernstein type inequalities.

LemMa 4.1.  Let T,(f, x) be defined as above, n € N, 1 sp s, f€
L p[O, 11. Then we have

0T, fll, < 9fl,, (4.2)
1T o < Min?lifll,, (4.3)
"‘PZT:(f)“p = M|"||f“p’ (4'4)

where M| is a constant independent of f and n.
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Proof. Note that 0 < a,, b,c; < 1,forl <i<n—1,and [§P, (x)dx
=1/(n + 1). For p = 1, we have from (4.1)

N7, flls

A

Z,an {(x) dx(le,l L, ;- (f)]

=0

+lal L, Af)|+I]|L, i f)])
L, .(f)]

IA

1()

Z (n " 1)f(1+1)/(n+1)|f( )ldt

IA

n+1;
3i£I.

If 1 < p < o, then by Holder’s inequality we have

Il

7,18 < 8 [P0 dslled | Ly i i(£)]
i=0

+lal |L, ()| + 16| L, i )]

< 29”|Ln,(f)!
n+1,5
97 G+ D /{n+ 1) Y4 ( 1 )p‘l
< n+1) )| dt
n+1,ZU( V[ Ol e =
< 97fl5.

The case p = « can be proved in the same way. In fact, for x € (0, 1)
we have

IT.(f ) < X P (x)(eil [L, i (F)]+ lal [L, (f)]

i=0
+1b] L, i()])
< 3£ .

Therefore, for 1 < p < « we have
T, fIl < 9fil,,

which completes the proof of (4.2).
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We denote d, (f)=c, L, (f)+alL, (f)+bL, . (f) Then we
have

n-2
T (fx)=n(n—1) 3 P,_5(x)(dy 2 f) = 2d, i 0(f) +d, ().
i=0

(4.5)
Hence
n-2
IT/(f.x) <9 L P, (x) X L, (f).
i=0 i—1<j<i+3
O</<n
Therefore, we can estimate (4.3) as follows.
For p = =, we have
n-2
IT/(fox)| < 9n2 & P,y (x)SIf
i=0

< 4517 f .

For 1 < p < «, we have by Holder’s inequality
n—2
1
17200l < 9n)" T [ Pa(x) drs?
i=0
L (e )+ ) [ )
i-1gj<i+3 J/tn+1
O<j<n

< (45n)) 1501 112,
Hence

1T Cf ), < 67502l £,

By the standard method in {4], the proof of (4.4) is easy and we omit it
here. Our proof of Lemma 4.1 is complete.

Lemma 4.2, Let n € N, T(f, x) be defined as above, 1 <p <>, f €
L 0,1, f, f' € A.Cloc. Then we have

77 CF ), < Mol £, (4.6)
le? T £, x)l, < Mylle*f 1, (4.7)

where M, is a constant independent of f and n.
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Proof. 1f we denote

AL, ((f)Y =L, i f) =L, k(f),
AL, ((f) =L, f) = 2L, i) + L, 1 (f),
we have by (4.5)

n—2
T(fox) =n(n—=1) ¥ P, ()

i=0
X{civaLlp ivi(f)
(1 =biy =i )Ly i2(f) + bia Ly i3(f)
—2¢; L, (F) —2(1 —ciny —bis )L, iei(f)
~2b; 4Ly ia(f) Ly i (f)
(1 - =b)L, (f) + ban,i+1(f)}
n-2
=n(n—-1) 3 Pn2,i(x)<ci+2A2Ln,i+l(.f)

i=0

200 +2) — 2(i +2) =
(- 222 e+ 2 )
20i +1) —n
“268L, (1) = 21 = T L )
2(i+ 1) -
—2_(1—%1Ln.i+2(f) + &L, i y(f)

21 —n 2i —n
+(1 -, )L,.,,-(f) + Tlmm(f)}

n—2
=n(n—1) 2 P,_5.(x)

i=0
X {Aan,i(f) + Ci+ZAZLn,i+1(f)
—2Ci+lA2Ln.i(f) + CiAZLn,i—l(f)

%g—ﬂm%mdn—ﬁhﬂﬂ)

+éﬁuﬁuﬁ. (4.8)
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From this formula we prove (4.6) and (4.7). By the Riesz-Thorin
Theorem it is sufficient to prove the estimates in the cases p = 1 and
p=x

For p = =, we observe that for0 <i <n — 2

2L, () =|(n 4 1) [ bt o) dudedr]
ifn+1) 0
Il
Y
(n+1)
and for n > 7
'AZLnx(f),
' 1
G+ /(n+1) 1/(n+ 1)
<(ntl e dudvdt) G f")l.
( )‘/;/<n+l) /j:) ei(t+u+v) o' f
» 6(n+1)7°
G+ D An+ 1) 5 on
<(rn+l dello*f" |l
( )fi/(n+1) S+ 1/(n+1)) F f
6(n + 1 ,n+t1l n+1l lo2fl
< fe o]
s6(n+ 1) o T lle
1
“‘sz”llx-

TS

Here we made use of an inequality of M. Becker in [1]

f/h/z“‘—md dv < o’ /z<l
—h2@i(x +u+v) war = max{p’(x + h), p*(x)}’ -8
(4.9)

Thus, we have for x € (0, 1)

n—2
IT(f, ) <n(n—1) X P,y (x)(n+ 1) 9l f".

i=0
< W f' |l

Hence

N7 () | < M f .



250 YE AND ZHOU

For x € (0, 1) we also have

|@2(x) T (f, x)|
n—2
<na(n—1) ¥ x(1 —x)P,_, (x)6llg?f"].

i=0

4 ;|
X{(i+1)(n—-i—1) U

1 i1 2
+ g — =+ —
G+2)(n—-i-2)2 " w27 n
6% P - 1)(n - i — Dl %
< ) + i " -
- P n.1+l(x)(l )(ﬂ ! ) Qof (l+ l)(n__l-_ 1)
< M,llo*f"|lx.

Here for simplicity we have denoted |c,l /(0 - n), lc, + 1/2]/(n - 0) as 0.
Thus we have proved (4.6) and (4.7) for p = =,
For p = 1, we have

n—2 1
ITICf ol <n(n—1) X —

i—on—1

G+ 1)/( b t 1)
xctagn + 1) [ LV ey 0) | dudo de
i/(n+1) 0

: 2(n+1)j

(i+2)/(n+1)
Ciprt —— 5+ — /
n 2 n G+ 1D/ +1)

+

1+, ., ‘ ‘
Xffu [ f"(t +u+ v)| dudvdt

i/(n+1) L+
""Cil(”‘*’l)fl/n+ ff/n+ |f(t+u+L')ldududt
G-D/tn+1) 20

< 8n(n + 1)[/{)‘/‘"*”3]0‘"“’/"'+”|f"(: +u+0)|dedude

< 240",
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We also have
n- 2(1+1)(n i—1)
0 n+1

le*Ti (£, ) <

i=

{4(?1 + l)j‘(i+1)/(n+l)fj'l/(n+l)|f,,(t u+ L‘)|dudL‘dt
i/ftn+1) 0

i 1 2
Civgt —— =+ —
i+2 n 2 n

(+2)/(n+1)

+ (n+1)

(+1)/(n+1)

1/(n+ 1) ., ‘ ’
xffo |F(t +u + v)|dudvdt

+k|Ur+U[VMH) ILVM+Wf%t+u+vﬂdumd&

/(n+1)
=1+J+K.
Let us estimate the first term. For n > 3 we have by (4.9)

n-2
. . G+ D/(n+ 1) 1/(n+1)
I<4 +1)(n—i-
i;](l )(n l f f'/;)

if{n+1)
1
X
(i/(n+D)+u+v)Q-((+D)/(n+1)—u-1r)
Igozf"(t +u+ U)|dud1'dt
n-2 .
<4 L+ D =i= D[ e () | de

i=0

if{n+1

1/(n+1) 2
fj(-) eX(i/(n+1) +u+v)
2
+¢%u+nﬂn+n+u+m}W¢
< 48"22 G+)(n—i—-1 j‘(i+3)/(n+l)

i=0 (n + 1)

i/(n+ 1)

2
x| e f"(w)|dw -
(e /v )
n—-2 .
< 9 Z (l+3)/(n+l)‘
i=g i/n+ 1)

< 288ll@%f"l;.

@ f"(w)| dw
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The estimates of J and K can be obtained in the same way and we get
Ne Tl < Myl f .

Thus, (4.7) is also valid for p = 1. Our proof of Lemma 4.2 is complete.

With the above lemmas we can now prove our main results.

5. PrROOF ofF THEOREM 1

To prove Theorem 1 we need the Peetre K-functional given by

Ky)(f,t)y= inf {lIf — gl + tllg"ll}. (5.1

geCo, 1]

This K-functional is equivalent to the classical modulus of smoothness in
the sense that

Mu_lwz(f’t) SKz(f’fz)SMuwz(fa’) (5-2)

with a positive constant M,, independent of f € C[0, 1] and ¢ > 0 (see [4]).
By this K-functional our proof of the direct part is simple.

Proof of Theorem 1. Sufficiency. Suppose that w,(f, t) < Mt®. By (5.2)

we have K,(f,t) < MyMt*/2.
Let x €(0,1), n € N, g € C?0,1]. We have

’Tn(g’x) —g(X)l =

T,,(g’(x)(t —-x)+ j:(t —u)g"(u) du,x)

T,,(j:(t —u)g'(u) du,x)

The operator 7, is “almost positive” in the sense that a; ; > 0 except
a,,=by=a,, ,=c,= —1/2. But it is not positive. So we define a

new class of positive operators on C[0, 1] as

T, (f,x) =P, o(x)lbylL, «(f) + Pn,n(x)lcnmn,n»l(f)-
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Then we know that 7, + T, is positive. Therefore, by (2.7) we have

T,,(fx‘(t —u)g"(u) du, x)

s (1 + )| - ) a

,x) + T,,_( /’(1 —u)g"(u) du
< {(T, + T,)((+ = x)% x) + T, ((1 ~x)2,x)}||g”||x

= {T.((t = x)", x) + 2T ((t = )", x) Hig" I
{x(l -x)
N Bk S

|

4
+—+P +1
4 4 P g(x)(n 4 1)

Xf2/(n+1)(t —X)Zdt + Pn.n(x)(n + l)j'n/(n+” (t —X)Zdt}”g”“oc
1/(n+1) (

n=1/(n+1D
x(1 —x) 4 4 5
S{T A H 3 TP (X)
n n n

+3

4 2

F +(1 —x) )Pn,n(x)}”g”“ac
{x(l -x) 28

< —_—

6
+ > + ?sz,z(x) +

n n?

x(1-x) 1

<40 —— + — |llg"ll=.
n n

Thus, by (4.2) we obtain

IT.(f, x) ~ f(x)]
< inf ]{IITn(f—g)NﬁHf—gNoc+|T,,(g,X) - g(x)]}

6
p,,”.n(x)}ng"uz

geCio,1
) x(1 —x) 1
<40 inf {If-gl+ | ——=+ 5 |lg"lk
geCHo,1] n n
10K x(1—x) 1
= —_— o —
2 f’ n nZ

2

< 40M“M(
n n

x(1-x) 1 )“/2
—_— :

The proof of the sufficiency is complete.
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Necessity. Suppose that (3.1) holds. We want to show that for some
positive constant M’ independent of ¢, 6 € (0,1/8)

w,(f.1) = M{8 + (1/8)°wy( £, 5)} (5.3)

which implies (3.2) by the Berens—Lorentz Lemma [2, 4].
Letd<h<t<1/8,neN, xe(0,1), x + h €(0,1). We denote

e(x +h) o(x —h) ¢(x)
Vi T n T Vn

1
d(n,x,h) = max{—,
n

Then we have

|22 f(x)| <|A3(f = T,F)(x)| +]AUT, £)(x)]

< 8M(d(n, x,h))" +[f |T"(f furx +u+v)|dude
+ [ [T fax + w4 0) | dudo. (5.4)
—h/2

Here f, € C?[0, 1] is taken, for any d > 0, such that

If = full= < 2Kz(f’d2) < 2Myw,(f,d),
Ifille < 2d 7K, (f,d?*) < 2Myd *w,(f,d). (5.5)

By (5.2) this is possible.
Now we want to estimate the terms in (5.4). By (4.3) and (4.4) we have

ffh/z T/(f—fq4ox +u+rv)|dude

1
< min| My hN] = fesMyalf =L f [ e )
< M,lf ~ full min| 24 o
< M\|lf = fall« min{n ’nmax{wz(xih),‘pz(x)}

< 6M,If — fll.h?(d(n, x, h))

Here we used the estimate (4.9).
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By (4.6) we also have
hy2
/[ ’ 2|T,;’(fd,x +u+ v)|dude < M)l fllh?.
—h/

Therefore, combining the above estimates we get

[A2F(x)| < 8M(d(n,x,h))" + 12M M h*(d(n, x, h)) w,(f,d)
+ 2M M, h2d w,( f, d).

Let d = d(n, x, h). We obtain

|45 f(x)| < 8M(d(n,x, k)"
+ 12My(M, + M)R*(d(n, x, h)) " w.(f.d(n, x, h)).

We observe that the sequence d(n, x, h) decreases to zero and satisfies
dn,x,h) <dn - 1,x,h) <2d(n,x,h). For any 8§ €(0,1/8), we can
choose an integer n € N such that d(n, x,t) < 8 < 2d(n, x,1).

Then we have

)Af,f(x)} < 8M&* + 48M (M, + Mz)(h/ﬁ)zwz(f, 8).
Here the constants are independent of x and h. Hence
w,(f, 1) < 8M&* + 48M (M, + M,)(1/8)’ w,( f,5).

Therefore, (5.3) holds. Our proof of Theorem 1 is complete.

Remark. We do not know if Theorem 1 holds for a = 2. Also we want
to know if the term x(1 — x)/n + 1/n? can be replaced by x(1 — x)/n
for some special choice of the matrices.

6. Proor oF THEOREM 2

To prove our Theorem 2 we use the Ditzian—-Totik K-functionals. These
K-functionals and the corresponding modulus of smoothness have many
applications concerning positive linear operators, best approximation of
algebraic polynomials, and embedding problems. In the casesof 1 <p <«
the K-functional is defined by

Koo(fi1?), = | inf {If —gll, + e2(llgh, + llo%g"l,)}. (6.1)
g'e

& lac

640/78/2-7
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This K-functional is equivalent to the Ditzian-Totik modulus of smooth-
ness in the sense that

Mp“wi(f,t),,sKw_z(f,tz)psMpwi(f,t),, (6.2)

for some constant M, depending only on p. By these tools we can prove
our Theorem 2 in the case 1 < p < = by a standard method.

Proof of Theorem 2 for 1 < p < o,

By Lemma 4.1, Lemma 4.2, (6.2),
and a result of A. Grundmann [5] (see also [4]) it is sufficient to show that
if g € 4.C.,,, then

C
7,8 — gll, < f(llgll,, +lle?g"l,), (6.3)

where C, is a constant independent of g and n.
We use a result of Totik in [7] that if g € C?[0, 1], then

C
IB,g —gll, < -’;’i(llgllp +llo?g"ll,)-

Since C?[0, 1] is dense in the weighted Sobolev space D,={g € L,0,1]
g €AC,,., lglp, =lgl, + llp®g”ll, < o}, it is enough to prove that for
g € C0,1]

C
18,8 — T,8ll, < —n—”(llgfl,, + lleg”ll,). (6.4)
Note that

Tn(g’x) —Bn(g’x)

= iPn,i(X)(Ci(n + 1)/"/‘"“)
i=0

(i—l)/(n+1)[g(t) - g(%” @

i n i
+a,(n + l)f;:l)l/: +I)[g(z‘) —g(;)] dt
I n

i n i
+b(n+ 1)/‘ R PO —g(—) dr.
G+ D/ 1) n
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We have
I7,& — B,gll;
) P
< Z j’ P (x)dx3p(n + l){ |pj"/(n+l) f’ gl(u) du!l dt
i=0 G-D/(n+D)i/n
) V2
+1a,-1"f('+“/("+”f’ g'(u) du| dt
i/(n+1) i/n
] 4
+Ib‘lp[(l+2)/(n+l) ft g’(u) du dt}
G+ /n+ 1 ign

IA

3pi{‘c[‘pfi/(n+1) f(i+l)/(n+l)' Wl du( - )

i=0 G—1)/(n+1)(-D/n+ 1)

p—l
G+D/n+ 1) (i+1)/(n+1)
+lal”f / g'(u)[ du )
if(n+1) if(n+1) n+1
G+D/n+ D (G D+ 1) 2 !
i n 1 n
i / el |
G+ D+ Yiftn+ ) n+1
6 "2 G+ 1)
/An+1) 4
s( ) ):{lc.-l”/ &' (w))" du
n+ 1)~ G=D/n+1)

[:+l)/(n+l) ( ), du + ,b 'pf(|+2)/(n+l)} '(u),pdu}

i/ (n+1)

6 P
) (;:T) (2l8'Ni7 + 20lg'li; + 21g'l7)
( 36 )”
S .
n+1

Thus, we have

I, B, gll % lle'l
—_ < ’ .
n8 n8llp = n+1 EMlp
T'he inequality
lg'll, < C,(lgl, + lle’g"ll,),  1<p <o (6.5)

which is due to V. Totik (7], yields our estimate (6.4).
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The proof of our Theorem 2 in the case 1 < p < = is complete.

In the case p = =, things are different. Inequality (6.5) is not valid any
longer. Hence (6.3) does not hold in general. So we use a K-functional
introduced by one of the authors in [10] to prove this case.

Our K-functional is defined in C[0, 1] as

Kiofst)e= | Lnfc {If =gl + e(llglle + gl + lle°g"llx)}. (6.6)
geAC,,,,

By this K-functional we will complete our proof.

Proof of Theorem 2 for p = ». We first prove for f € C[0,1], 0 < @ <
1, that |7, f — fll. = O(n™%) if and only if K, ,(f, 1), = O(t%). By a result
of A. Grundmann [5] (see also (4]) it is sufficient to show that

0T flle + T ) ) + 12T ). < Mnliflle,  for f € C[0,1]; (6.7)
W, flle + 1T e 1TV e < MO e + NP f e + 11 £lle),
for fe C[0,1], f €A.C.,,.; (6.8)
C
1,8 = glle < —(llglhe + lg'll- + llg?g"l.),
for g € C[0,1], g’ € A.C..,.. (6.9)

Relations (6.7) and (6.8) are stated in Lemmas 4.1 and 4.2 except the
estimate of ||7,(f)ll. which is simpler. We omit it.
Note that

1
IB,g — gli= < ;H(ng”Hm, forg € C[0,1], g’ € A.C.,,.

The proof of (6.9) is also easy since we have

7,8 — B,gll«
" ifn+ D) i
< sup{ 2. P, (x){le,l lt — —|dt
x i=0 G-1/(n+1) n
(+ D+ D) i
+la,) [0 -
i/tn+1) n
(i+2)/(n+1) i
+1b,) t— —ldti(n+ Dlgl
G+1)/(n+1) n
< llg’ Il

n+1
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Thus, we have proved the equivalence of the rate of convergence and

the behavior of the K-functional. It is easy to check that (6.7), (6.8), and
(6.9) are also valid for the Bernstein operators (1.1) which implies that

K

12(f, 1), = O(*) if and only if ||B, f — fll. = O(n™*). Then the charac-

terization theorem of the Bernstein operators [3] implies that (3.3) and
(3.4) are equivalent for p = ». Hence our Theorem 2 holds. The proof of
Theorem 2 is complete.

st

Remark. Concerning the different saturation conditions of the Bern-
ein polynomials and the Kantorovich operators it must be interesting to

solve the saturation problem for our class of operators {7,(f, x)}, c - We

al

1L

so expect that this will depend on the choice of the matrices.
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